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UNRESTRICTED WREATH PRODUCTS AND SOFIC GROUPS
GOULNARA ARZHANTSEVA, FEDERICO BERLAI, MARTIN FINN-SELL,
AND LEV GLEBSKY
Abstract. We show that the unrestricted wreath product of a sofic group by
an amenable group is sofic. We use this result to present an alternative proof
of the known fact that any group extension with sofic kernel and amenable
quotient is again a sofic group. Our approach exploits the famous Kaloujnine-
Krasner theorem and extends, with an additional argument, to hyperlinear-
by-amenable groups.
1. Introduction
We propose a new proof of the following fact, originally proved by Elek and
Szabo´ [6].
Extension Theorem. Let G be a group with a sofic, normal subgroup N P G
such that the quotient G/N is amenable. Then G is sofic.
Our proof relies on considering unrestricted wreath products. Given two groups
G and H , their unrestricted wreath product G ≀≀H is, by definition, the semi-direct
product
G ≀≀H :=
(∏
h∈H
G
)
⋊H,
where H acts on the direct product shifting the coordinates:(
(gx)x∈H , h
) · ((g′x)x∈H , h′) = ((gh′xg′x)x∈H , hh′).
Subgroups of the unrestricted wreath product G ≀≀H play a decisive role in un-
derstanding the extensions that can be obtained starting from the two groups G
and H :
Kaloujnine-Krasner Theorem. Let G and H be groups, and let π : G ≀≀H ։ H
denote the canonical projection onto the quotient H. There is a bijection of sets
between
{[E]∼= | 1→ G →֒ E ։ H → 1}
and
{[E]conj | E 6 G ≀≀H, π(E) = H, E ∩ kerπ ∼= G}
that induces a group isomorphism between the extension E and the subgroup E of
G ≀≀H.
We prove the following theorem.
Theorem A. Let G be a sofic group and H be an amenable group. Then the
unrestricted wreath product G ≀≀H is sofic.
This allows us to conclude the Extension Theorem, independently of [6], by
combining the Kaloujnine-Krasner Theorem and the obvious fact that soficity is
preserved under taking subgroups.
We adapt our strategy, using an additional argument, to hyperlinear groups.
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Theorem B. Let G be a hyperlinear group and H be an amenable group. Then
the unrestricted wreath product G ≀≀H is hyperlinear.
As hyperlinearity is preserved under taking subgroups, using the Kaloujnine-
Krasner Theorem, we immediately obtain
Corollary 1.1. Let G be a group with a hyperlinear, normal subgroup N P G such
that the quotient G/N is amenable. Then G is hyperlinear.
This fact is perhaps known to specialists but it had not yet appeared in the
literature explicitly.
In the final section we indicate that the results are optimal for such an approach:
it does not immediately extend neither to sofic-by-{residually amenable} nor to
{weakly sofic}-by-amenable group extensions.
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2. Sofic groups
Sofic groups were introduced in 1999 by Gromov [9] (under a different ter-
minology, as groups with initially subamenable Cayley graphs1) in his work on
Gottschalk’s surjunctivity conjecture. The terminology “sofic” is due to Weiss [13]
and comes from the Hebrew word “finite”. Sofic groups are a common general-
ization of residually finite and amenable groups. They form a wide subclass of
so-called hyperlinear groups which appeared in operator algebra in the context of
Connes’ embedding conjecture. Both sofic and hyperlinear groups are subject of
current intensive research, see [12, 3, 2] and references therin.
To define sofic groups, we recall the notion of normalised Hamming distance
on a finite symmetric group. Let F be a finite set and |F | denote its cardinality.
The following bi-invariant distance is called the normalised Hamming distance on
Sym(F ): for permutations α, β ∈ Sym(F ), we define
dF (α, β) :=
1
|F |
∣∣∣{f ∈ F | α(f) 6= β(f)}∣∣∣.
A group G is said to be sofic if for every finite subset K ⊆ G and for every ε > 0
there exist a finite set F and a map ϕ : G→ Sym(F ) satisfying:
(s1) for all k1, k2 ∈ K we have that dF
(
ϕ(k1k2), ϕ(k1)ϕ(k2)
)
6 ε;
(s2) for all distinct k1, k2 ∈ K we have that dF
(
ϕ(k1), ϕ(k2)
)
> 1− ε.
We call such a map ϕ : G → Sym(F ) a (K, ε)-approximation, and when K and ε
are clear from the context, we refer to it simply as to an approximation. Notice
that, instead of condition (s2), one could ask for dF
(
ϕ(k1), ϕ(k2)
)
to be bounded
1One should not be confused with Gromov’s, more restrictive, definition of initially suba-
menable groups.
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away from 0 by a constant α independent from the finite set K (confront [8, Propo-
sition 3.4]).
Amenable groups are particular instances of sofic groups. Indeed, let K be a
finite subset of an amenable group G and consider ε > 0. Then, as G is amenable,
there exists a Følner set corresponding to K, i.e. a non-empty finite subset F ⊆ G
such that
(1) |F \ sF | < ε′|F |, ∀s ∈ S := ({eG} ∪K ∪K−1)2,
where ε′ := ε/|S|. Without loss of generality, it may be supposed that the Følner
set F is symmetric, i.e. F = F−1.
As shown, for example, in [3, Proposition 7.5.6], in this case, there exist a finite
set E such that
(2) E ⊆ F ⊆ G, |E| > (1− ε)|F |,
and a map ϕ : G→ Sym(F ), defined by
(3) ϕ(g)f :=
{
gf if gf ∈ F
αg(gf) if gf ∈ gF \ F,
where αg : gF \ F → F \ gF is an arbitrarily chosen fixed bijection, such that
(4)
(
ϕ(k1)ϕ(k2)
)
f = k1k2f = ϕ(k1k2)f, ∀k1, k2 ∈ K, ∀f ∈ E ⊆ F,
and
(5) ϕ(k1)f = k1f 6= k2f = ϕ(k2)f, ∀k1, k2 ∈ K, k1 6= k2, ∀f ∈ E ⊆ F,
and so that ϕ is a (K, ε)-approximation.
We stress that the preceding two conditions are quite strong because F is a subset
of G: we see from Equations (4) and (5) that the approximation ϕ is governed by
the group operation on a big part of the set F . In general, F might not be a subset
of the group we want to approximate, and it might not be equipped with a partial
operation induced by the group.
3. Proof of Theorem A
We now prove that, given a sofic group G and an amenable group H , the unre-
stricted wreath product G ≀≀H is sofic.
Consider a finite subset K ⊆ G ≀≀H and fix ε > 0. Without loss of generality, we
assume that the identity element of G ≀≀H belongs to K, and that 0 < ε < 1.
We define the maps
π1 : G ≀≀H ։
∏
H
G, π2 : G ≀≀H ։ H
to be the projections on the first and second component of the semi-direct product,
respectively. Note that the map π1 is not a group homomorphism.
As the set K is finite, there exists a finite separating set I ⊆ H for π1(K) ⊆∏
H G. This means that, given two distinct sequences (gx)x∈H and (g
′
x)x∈H in
π1(K), there exists an index i ∈ I such that gi 6= g′i.
Since the group H is amenable, its approximations can be constructed starting
from appropriate Følner sets as discussed in the previous section.
Let
KH := π2(K) ∪ I
and let us choose an εH > 0 such that
(6) εH < ε.
4 G. ARZHANTSEVA, F. BERLAI, M. FINN-SELL, AND L. GLEBSKY
As recalled in Section 2, there exist a finite, symmetric subset B ⊆ H and a
(KH , εH)-approximation ϕH : H → Sym(B), such that
(7) ϕH(h)b =
{
hb if hb ∈ B
αh(hb) if hb ∈ hB \B,
where αh : hB \ B → B \ hB is a fixed bijection. Moreover, there exists a set
EB ⊆ B such that |EB| > (1 − εH)|B| and, for all h, h′ ∈ KH and for all b ∈ EB ,
we have that
(8) ϕH(h)b = hb,
(
ϕH(h)ϕH(h
′)
)
b = hh′b = ϕH(hh
′)b.
By Equation (1), as B is a Følner set corresponding to KH , we have that
(9) |B \ hB| < εH |B|, ∀h ∈ KH = π2(K) ∪ I.
As concerns the approximation of G, let us consider
KG := {gx ∈ G | (gx)x∈H ∈ π1(K), x ∈ B−1 ·B}.
Choose an εG > 0 such that
(10) 1− (1− εH)(1− εG)|B| 6 ε.
This condition is equivalent to require that
(11) (1− εG)|B| > 1− ε
1− εH .
As εH < ε by Equation (6), the right hand side of Equation (11) is strictly smaller
than one. Hence, as the constants ε and εH - and consequently also |B| - are fixed,
there exists εG > 0 satisfying Equation (10).
Since G is sofic, there exist a finite set A and a (KG, εG)-approximation ϕG : G→
Sym(A). Moreover, for each choice of g, g′ ∈ KG there exists a finite set EA =
Eg,g
′
A ⊆ A, which depends on g and g′, such that |EA| > (1 − εG)|A| and
(12)
(
ϕG(g)ϕG(g
′)
)
a = ϕG(gg
′)a, ∀a ∈ EA.
Given the approximations ϕG and ϕH we construct an approximation ϕ for G ≀≀H .
Consider the finite set C := B × AB, where AB denotes the set of all functions
from B to A. We define the map ϕ : G ≀≀H → Sym(C) as follows. For an element
(g, h) ∈ G ≀≀H , with g = (gx)x∈H ∈
∏
H G and h ∈ H , and (b, τ) ∈ C, let
(13) ϕ(g, h)(b, τ) :=
(
ϕH(h)b, τ¯
)
,
where τ¯ : B → A is the function defined by
(14) τ¯ (i) := ϕG(gbi)τ(i), ∀i ∈ B.
We now prove that ϕ satisfies condition (s1) in the definition of soficity. We have
to show that for (g, h) and (g′, h′) in the finite set K ⊆ G ≀≀H the inequality
dC
(
ϕ(g, h)ϕ(g′, h′), ϕ((gh′xg
′
x), hh
′)
)
6 ε
holds. Indeed, let (b, τ) ∈ C. We have that
(15) ϕ((gh′xg
′
x)︸ ︷︷ ︸
=(px)
, hh′)(b, τ) = (ϕH(hh
′)b, τ1),
where
(16) τ1(i) = ϕG(pbi)τ(i) = ϕG(gh′big
′
bi)τ(i).
Moreover,
(17)
(
ϕ(g, h)ϕ(g′, h′)
)
(b, τ) = ϕ(g, h)
(
ϕH(h
′)b, τ2)
)
=
(
(ϕH(h)ϕH(h
′))b, τ3
)
,
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where
(18) τ2(i) = ϕG(g
′
bi)τ(i)
and
(19) τ3(i) = ϕG(g(ϕH(h′)b)i)τ2(i) = ϕG(g(ϕH(h′)b)i)
(
ϕG(g
′
bi)τ(i)
)
Notice that if b ∈ EB (see Equation (8)), then ϕH(h)b = hb ∈ B. In this case, from
Equation (19) we obtain that
(20) τ3(i) = ϕG(g(ϕH(h′)b)i)
(
ϕG(g
′
bi)τ(i)
)
=
(
ϕG(gh′bi)ϕG(g
′
bi)
)
τ(i).
Confronting Equations (16) and (20), we notice that the functions τ1 and τ3 will
be equal if, in addition to b ∈ EB, we have that τ(i) ∈ EA for all i ∈ B, see
Equation (12).
Hence, we conclude that
dC
(
ϕ(g, h)ϕ(g′, h′), ϕ((gh′xg
′
x), hh
′)
)
6 1− 1|C|
(
|EB| · |EA||B|
)
= 1− |EB||B| ·
( |EA|
|A|
)|B|
6 1− (1− εH)(1− εG)|B|.
This is smaller or equal to ε in view of Equation (10).
It remains to check that ϕ also satisfies condition (s2) in the definition of soficity.
Let (g, h) and (g′, h′) be distinct elements of the finite set K ⊆ G ≀≀H , with g =
(gx)x∈H and g
′ = (g′x)x∈H . Two cases may occur: h 6= h′ or h = h′.
If h 6= h′, then
(21) dC
(
ϕ(g, h), ϕ(g′, h′)
)
> dB
(
ϕH(h), ϕH(h
′)
)
> 1− εH > 1− ε,
where the last inequality is due to Equation (6).
If h = h′, then (gx) 6= (g′x), and hence there exists an index i in the finite set I
for which gi 6= g′i. To proceed, for almost all choices of b ∈ B, we want to express
this coordinate i ∈ I ⊆ H as bbi, where bi ∈ B is an element that depends on i and
on the chosen b. We have that
(22) i = bbi ⇔ b = ib−1i ⇔ b ∈ B ∩ iB−1 = B ∩ iB,
where in the equality of Equation (22) we used the fact that the set B is symmetric,
B−1 = B. Using Equation (9), we obtain
|B ∩ iB| = |B| − |B \ iB| > |B| − εH |B| = (1− εH)|B|.
This means that, given i ∈ I, this coordinate can be expressed as i = bbi with
b, bi ∈ B for almost all choices of b ∈ B (‘almost all’ states for > (1 − εH)|B|
choices of b ∈ B).
Suppose now that (b, τ) ∈ C and b is such that i = bbi, for bi ∈ B. We have that
ϕ(g, h)(b, τ) = (ϕH(h)b, τ4),
where τ4(j) = ϕG(gbj)τ(j) for all j ∈ B, and
ϕ(g′, h)(b, τ) = (ϕH(h)b, τ5),
where τ5(j) = ϕG(g
′
bj)τ(j) for all j ∈ B.
Since G is sofic, i = bbi and gbbi , g
′
bbi
are distinct elements, there exists X ⊆ A
such that |X | > (1− εG)|A| for which
ϕG(gbbi)(a) 6= ϕG(g′bbi)(a), ∀a ∈ X.
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Therefore, the two functions τ4 and τ5 are distinct whenever τ(bi) ∈ X . This
implies that
dC
(
ϕ(g, h), ϕ(g′, h)
)
>
1
|C|
(
(1− εH)|B| · (1− εG)|A| · |A||B|−1
)
=
|B| · |A||B|(1− εH)(1− εG)
|B| · |A||B|
= (1− εH)(1− εG) > 1− ε,
(23)
where the last inequality is due to Equation (10) and to the fact that 1 − εG is
bigger than (1− εG)|B|.
To conclude, combine Equation (21) and Equation (23) to see that ϕ satisfies
condition (s2) in the definition of soficity, as required.
4. Hyperlinear groups and concluding remarks
In this final section we analyse our approach to metric approximations of ex-
tensions through those of unrestricted wreath products in more general settings.
Namely, we discuss two renown generalisations of sofic groups: hyperlinear groups
and weakly sofic groups. Then we consider sofic-by-{residually amenable} group
extensions and conclude with remarks and questions on abelian-by-sofic extensions.
4.1. Hyperlinear groups and proof of Theorem B. A very natural question
is whether or not our argument extends to hyperlinear groups.
A group G is said to be hyperlinear if for every finite subset K ⊆ G and for
every ε > 0 there exist a natural number n and a map ϑ : G→ U(Cn) satisfying:
(h1) for all k1, k2 ∈ K we have that dHS
(
ϑ(k1)ϑ(k2), ϑ(k1k2)
)
6 ε;
(h2) for all distinct k1, k2 ∈ K we have that dHS
(
ϑ(k1), ϑ(k2)
)
>
√
2− ε.
Here, dHS is the normalised Hilbert-Schmidt distance on U(Cn), defined to be, for
u = (ui,j), v = (vi,j) ∈ U(Cn),
dHS(u, v) :=
√√√√ 1
n
n∑
i,j=1
|ui,j − vi,j |2.
Sofic groups are hyperlinear [7]. Indeed, it can be easily seen that
(24) dF (σ, τ) =
1
2
dHS(Pσ, Pτ )
2,
where Pσ and Pτ are the permutation matrices in U(C|F |) associated to permuta-
tions σ, τ ∈ Sym(F ) (see, e.g. [7]). The converse implication, i.e. whether or not
hyperlinear groups are sofic, is a well-known open problem. We refer to [12, 2] and
to the references therein for more information on hyperlinearity.
Modifying the proof of Theorem A, together with an additional argument be-
low, we obtain Theorem B from the Introduction and, hence, the hyperlinearity of
hyperlinear-by-amenable groups extensions.
The modifications required to our construction above are mostly minor and in-
volve adjusting the conditions on ε in terms of εG and εH in light of the relationship
between Hamming distance and Hilbert-Schmidt distance.
Fix an ε > 0, K ⊆ G ≀≀H . For an amenable group H , proceed as in the text
above, find a Følner set B for KH and an εH > 0 satisfying√
2εH < ε.
Let ϑH : H → U(C|B|) be the representation into U(C|B|) corresponding to the sofic
approximation ϕH :
ϑH(h) := PϕH(h) ∈ U(C|B|).
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As G is supposed to be hyperlinear (instead of sofic), there exist a natural number
n and a (KG, εG)-approximation ϑG : G→ U(Cn), for a constant εG satisfying√
|B|
|B|+ n|B| ε
2
H +
n|B|
|B|+ n|B| ε
2|B|
G < ε.
To define
ϑ : G ≀≀H → U(C|B| ⊕⊕
B
Cn
)
,
let {eb}b∈B be a orthonormal basis for C|B|, and for v ∈
⊕
B C
n, express it as
v =
∑
i∈B vi, where each vi is the projection onto the i-th copy of C
n in the
summand.
Consider hence
ϑ(g, h)(eb, v) = (ϑH(h)eb, v),
where v =
∑
i∈B vi is defined by orthogonally summing the components
vi := ϑG(gb−1i)vi.
Extend now ϑ(g, h) linearly in the first component to obtain the action on an
arbitrary element (w, v) ∈ C|B| ⊕⊕B Cn. This gives a well-defined map and
our prior calculations pass through without significant changes so that we obtain
Theorem B.
4.2. Weakly sofic groups. We observe now that the assumption on the soficity
of the kernel group G in Theorem A could be considered optimal.
Following [8], a group is said to be weakly sofic if there exists α > 0 such that for
every finite subset K ⊆ G and for every ε > 0 there exist a finite group F equipped
with a bi-invariant metric d and a map ϕ : G→ F satisfying:
(ws1) for all k1, k2 ∈ K we have that d
(
ϕ(k1k2), ϕ(k1)ϕ(k2)
)
6 ε;
(ws2) for all distinct k1, k2 ∈ K we have that d
(
ϕ(k1), ϕ(k2)
)
> α.
Sofic groups are weakly sofic as the normalised Hamming distance is bi-invariant.
Again, the converse implication is a well-known open problem.
The proof of Theorem A strongly relies on soficity, i.e. on approximations by
finite symmetric groups equipped with the normalised Hamming distance. It does
not apply in the a priori more general context of weakly sofic groups. The reason is
that the approximation for the group G ≀≀H constructed in Equation (13) produces,
starting from the maps ϕG : G → Sym(A) and ϕH : H → Sym(B), the new map
ϕ : G ≀≀H → Sym(B×AB). This new map is not diagonal, that is, its image is not
contained in the subgroup
Sym(B)× Sym(AB) 6 Sym(B ×AB).
This makes the subsequent arguments incompatible with the setting of arbitrary
finite groups equipped with bi-invariant normalised metrics, other than symmet-
ric groups with Hamming distances - which confirms that soficity is the optimal
condition to expect in this context.
4.3. Residual amenability. We demonstrate here that the assumption on the
amenability of the quotient group H in Theorem A could also be seen as optimal.
Indeed, suppose instead that H is residually amenable. Using [3, Proposi-
tion 7.3.2], we obtain a set L with KH ⊆ L ⊆ H and a binary operation ⋄ such that
(L, ⋄) is an amenable group, and such that ⋄ corresponds to the group operation
of H when restricted to the finitely many elements of KH : hh
′ = h ⋄ h′ for all
h, h′ ∈ KH .
This causes several issues in the above computations. In particular, when com-
paring Equations (16) and (19), one needs to restrict the attention to b ∈ EB ∩KH
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(and not just to b ∈ EB , as in the amenable case). For everything to hold, we would
need to impose, instead of Equation (10), the following new condition on εG:
1− |EB ∩KH ||B| (1 − εG)
|B|
6 ε.
However, this new condition is equivalent to
(1− εG)|B| > 1− ε|EB ∩KH |/|B| .
Therefore, we would require the quantity (1 − εG)|B| (which is smaller than one)
to be bigger than 1−ε|EB∩KH |/|B| . However, this last quantity is bigger than one,
as |KH |/|B| ≪ 1 − ε. This obvious contradiction confirms that the amenability
assumption on the group H is the suitable condition in this approach (as well as in
the original proof of [6]), and it cannot be easily relaxed to residual amenability.
4.4. Abelian-by-sofic extensions. In a sense, extensions we consider in this pa-
per are opposite to amenable-by-sofic groups, and nothing is known about metric
approximations of such groups. For instance, it follows from [11, Corollary 3.8] (see
also [10, Corollary 2], where the authors focus on restricted regular wreath prod-
ucts) that if F is a finitely generated free group with normal subgroup S, and F/S
is sofic, then also the group F/S′ is sofic, where S′ denotes the derived subgroup
of S.
Let us consider a finitely generated group G = F/R, where F is a finitely gener-
ated free group and R is its normal subgroup. Let N be an abelian normal subgroup
of G, and let Q = G/N be a sofic quotient of G. By construction, there exists a
normal subgroup S P F such that R 6 S and Q = F/S. Moreover, it follows that
N is isomorphic to S/R, and that the derived subgroup S′ of S is contained in R,
because S/R is an abelian group.
Therefore, we obtain a well-defined surjective homomorphism π : F/S′ ։ F/R,
and the following exact sequences:
1 1
1 // S/R
  // F/R // //
OO
F/S //
>>
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
1
F/S′
pi
OOOO << <<①
①
①
①
①
①
①
①
1 S/S
′
R/S′
∼=
EE
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
oo S/S′
κoooo
.

<<
③
③
③
③
③
③
③
③
③
R/S′? _oo
?
OO
1oo
1
<<
②
②
②
②
②
②
②
②
②
②
1
OO
A na¨ıve way to conclude that the abelian-by-sofic extension G = F/R is sofic, is
to require for S′ to coincide with R. In that case, κ would be an isomorphism,
and therefore N ∼= S/R would be isomorphic to the abelianisation S/S′ of the free
group S, that is, N ∼= Zs, where s is the rank of S. This condition clearly excludes
several cases, in particular when N has torsion, or when its rank does not coincide
with s.
A specific instance when N indeed has torsion appears in the following question:
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Question 4.1. Let N P G be such that N is finite cyclic and G/N is a sofic
(respectively: hyperlinear) group. Is G sofic (respectively: hyperlinear)?
Even the case when |N | = 2 seems to be open. Moreover, a positive answer to
Question 4.1 implies that any group extension G with finitely generated abelian
kernel and sofic quotient is itself sofic. Indeed, any such G is the limit, in the space
of marked groups, of {finite cyclic}-by-sofic groups (for a proof of this fact, confront
[1, Theorem 2.1]).
Groups which are worth mentioning explicitly in this context are Deligne’s cen-
tral extensions [5]:
1→ Z →֒ ˜Sp2n(Z)։ Sp2n(Z)→ 1,
where n > 2 and ˜Sp2n(Z) is the preimage of the simplectic group Sp2n(Z) in the
universal cover ˜Sp2n(R) of Sp2n(R). They are not known to be sofic, or hyperlinear.
These groups are not residually finite, have Kazhdan’s property (T), and are
finitely presented. Therefore, they are not initially subamenable (that is, they are
not locally embeddable into amenable groups). They are the limits in the space of
marked groups, as m →∞, of the non-initially subamenable groups ˜Sp2n(Z)/mZ,
for each fixed n > 2 and m ∈ N, which are central group extensions of the form
1→ Z/mZ →֒ ˜Sp2n(Z)/mZ։ Sp2n(Z)→ 1.
These central extensions with finite cyclic kernel are isolated points in the space of
marked groups (although in [4, Section 5.8] slightly different groups are considered,
we observe that the argument exploited there also proves that the above extensions
with finite center are isolated). Thus, a positive answer to Question 4.1 restricted to
these central extensions would then both settle the question of soficity (respectively:
hyperlinearity) of Deligne’s groups and give new examples of finitely presented non-
initially subamenable groups admitting such metric approximations.
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